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Abstract

In this paper, we consider the solution of the equation Olgu(x):

zm C,OL8, where <>f, is the operator related to the diamond operator
r=0

iterated k-times and is defined by

e |18 &% 622 a2 a2 a2 ’
<>C = | — _+_+...+_ — + +...

+
et 6x12 8x% 6xf, 6xl2,+1 6xf,+2 8x,2,+q

k

Now x € R” is the n-dimensional Euclidean space, p + g =n, C, is a

constant, ¢ is the Dirac-delta distribution and 028 =6 and £=0,1,2,....
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It is found that the type of solution of this equation, such as the ordinary
function, the tempered distributions and the singular distributions depend
on the relationship between the values of k and m.

1. Introduction

Kananthai [4] showed that the solution of the convolution form u(x) =

Ryj, ¢, (x) * Ryy o, (x) is a unique elementary solution of the equation DZ szu(x)
=8, where DZ and DIC‘Z are the operators which related to the ultra-hyperbolic

type operators iterated k-times and § is the Dirac-delta distribution and in particular,
if k=p=1 with x; =¢ (times), ¢; and ¢, are velocities, then u(x) = R, ., (x)
* Ry ¢, (x) is the elementary solution of the elastic wave equation of fourth order.

Sritanratana and Kananthai [6] studied the product of the nonlinear diamond
operators related to the elastic wave and also introduced the ultra-hyperbolic

operator Dlé. Consider the operator related to the ultra-hyperbolic operator iterated

k-times defined by
4 2 pPrq 2 k
oF =| L o _ o
cT e ox; ox?
=l 1 j=p+1 7J

Trione [8] showed that the generalized function Ry ;(x) defined by (2.2) is the
unique elementary solution of the operator D{{, that is, D{C Ry 1(x) = 3, where
x € R" is the n-dimensional Euclidian space. Also, Tellez [7, pp. 147-149] proved
that Ry 1(x) exists only if 7 is an odd with p odd and g even or only 7 is an even

with p odd and g odd. Moreover, Bupasiri and Nonlaopon [1] studied the weak

solution of compound equations related to the ultra-hyperbolic operators of the form

36,000 = (1),
r=0

Furthermore, we also know that the function E(x) defined by (2.4) is an

elementary solution of the operator related to the Laplace operator
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TES ) )
<3 Ox; fapet Ox’;

that is, A E(x) =8, where x € R".

Now, in this paper, the operator related to the diamond operator can be expressed

as the product of the operator [1. and A_, thatis,

_ 5 )
I TARDE
N 2| 02
e i o j=pe1 O
e malliee el
F2ar T Lar|[F ket 2al
L i=1 i j=p+1 7J i=1 ! j=p+1 7T
= oAk (1.1)
Now we are finding the solution of the equation
m
Ofu(x) = ) €073
r=0
or
m
OfALu(x) = Y €08, (1.2)

r=0

In finding the solutions of (1.2), we use the method of convolutions of the generalize
functions. Before going to that point, the following definitions and some concepts
are the needs.

2. Preliminaries

Definition 2.1. Let x = (x|, x5, ..., x,,) be a point of the n-dimensional space
Rn
2,2 2 2 2 2 2
Vi=cm(xf + x5+ 4 X5) = Xpy1 = Xpe2 =~ Xpigs 2.1

where p+q=n. Then define I, = {x € R" : x; > 0 and ¥/ > 0} which designates
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the interior of the forward cone and T, designates its closure and the following

functions introduce by Nozaki [5, p. 72] that

o—n
v 2 .
Rye(®) =1%o Trelv 2.2)

0, if xel,,

Ra,l(x) is called the ultra-hyperbolic kernel of Marcel Riesz. Here a is a complex

parameter and # is the dimension of the space. The constant K, (a) is defined by

R”T‘lr(z +o- n)r(l _zajr(“)

2
Kyla) = 2.3
R ey T 23)
2 2
and p is the number of positive terms of
2¢.2 2 2 2 2
V =c (xl + X5 +---+xp)—xp+1—xp+2—--~—xp+q, p+qg=n

and let supp R, .(x) = Ty. Now R, .(x) is an ordinary function if Re(a, ¢) = n
and is a distribution of o if Re(a., ¢) < n.
Definition 2.2. Let

x = (x1, X3, ooy X,) € R”

and
2

|x|:\/02(x12+x§+---+x§,)+x§,+1+x§+2 et Xy

and let the function E(x) be defined by

x>
(2.4)

E(x)=m,

where
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is a surface area of the unit sphere. Let the function

_n n—o | x |0t—n
Sec(x)=2"%x 21"(—) , (2.5)
5 2 1" g
3
where a is a complex parameter. Now, from (2.4) and (2.5), we obtain
E(x) = =S (x). (2.6)

Lemma 2.1. R, .(x) and S, .(x) are homogeneous distributions of order

(o — n). In particular, it is a tempered distribution.

Proof. We need to show that R (x) satisfies the Euler equation

n

D Rae) = (0= B o).

i=1
Now

n
0
in %Ra,c(x)

i=l1

n
1 0 2,2 2 2 2 2
=m;xi§i(c (¥ X)) = Xy = X)) 2
=
:;(a—n)(cz(x12+m+x2)—x2 | == x5 )a—;—Z
K, (o) p) = *p+ p+q
202 2 2 2
x (c“(xi +-~+xp)—xp+1 —-~—xp+q)
1 2,2 2 2 2
= (a=—n)(c“(xf +++x5)=x5, 4 — " —x 2
Kn(oc) )( (1 p) p+l1 p+q)
on
_(a—n)V 2
K, (o)

=(a - n)Rot,c(x)'
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Hence R, .(x) is a homogeneous distribution of order (o —n) as required and
similarly S, .(x) is also homogeneous distribution of order (a — 7). 0

Lemma 2.2. R, .(x) and S .(x) are the tempered distributions.

Proof. The proof of this lemma is given by Donoghue [2, pp. 154-155] which is

stated that every homogeneous distribution is a tempered distribution. O

Lemma 2.3 (The convolutions of tempered distributions).
S(x,c(x) * Sﬁ,c(x) = Sa+ﬁ,c(x)' 2.7

Proof. The proof of this lemma is also given by Donoghue [2, pp. 156-159].
Now, from (2.6) and (2.7) with o = = 2, we obtain

E(x)* E(x) = (=53,(x)) * (=52,¢(x))
= (-1)° Sr42,0(%)
= S4,c(x)'
By induction, we obtain

E(x)* E(x)* - % E(x) = (-1)* Sy o (x). (2.8)

k-times

0

Lemma 2.4. Given the equation A’Zu(x) =0, where A]Z is the operator related

to the Laplace operator iterated k-times defined by

k
k| 1% | &* d? d* d? o’
A, = S|zttt |t sttt
co\ox{  Oxj oxy, Xpi1 OXpy2 NXpig

and x eR", then u(x) = (-1)F Sok.c(x) is an elementary solution of the operator

AX where (-1)F Sk, (x) is defined by (2.8).

Proof. Now A‘u(x) =& can be written in the form AY8#u(x)=8. Convolving

both sides by the function E(x) defined by (2.4), we obtain
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(E(x)* AL) * u(x) = E(x) * 8 = E(x)
and
(AcE(x) * AL8) % u(x) = E(x).
We have
(6% A*718) % u(x) = E(x).
Since A E(x)=35,
(AT8) *u(x) = E(x).
By keeping on convolving E(x), k —1-times, we obtain

& *u(x) = E(x) * E(x)* - * E(x).

k-times

It follows that u(x) = (-1) Sk, (x) by (2.8) as required. Before going to the proofs

of theorems, we need to define the convolution of (—1) Sok.c(x) with Ry .(x)
defined by (2.2) with o =2k and k =0, 1, 2, .... Now, for the case 2k > n, we
obtain that (~1)F Sy, c(x) and Ry .(x) are analytic functions that are the ordinary

functions, thus the convolution
k
(_1) S2k,c(x)*R2k,c(x) (2.9)
exists. Now, for the case 2k <n, by Lemma 2.2 with o =2k, we obtain

(1) Sok,c(x) and Ry .(x) are tempered distributions.

Let K be a compact set and K c T,, where i is defined as the beginning.

Choose the support of Ry .(x) equal to K, then supp Ry .(x) is compact (close

and bounded). Then, by Donoghue [2, pp. 152-153], the convolution
k
(=1)" Sk, e (x) * Rog (%) (2.10)

exists and is a tempered distribution. N
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3. Main Results

Theorem 3.1. Given the equation O]gu(x) =98, where <>’§ is the operator

related to the diamond operator iterated k-times defined by (1.1) and x e R", then

u(x) = (-1 Sok.c(X) * Ry .(x) defined by (2.9) and (2.10) is a unique elementary

solution of the operator <>’§.
Proof. Now O¥u(x) =8 can be written as
O]gu(x) = I:JfA]éu(x) =34.
By Trione [8], Kananthai [4] and Tellez [7, pp. 147-149], we have that
Neu(x) = Roy. () 3.1
is a unique elementary solution of the operator Dlg for n odd integer with p odd and

q even, or for n even with p and ¢ odd integers. Also, we know that
NS * u(x) = Ry o(x). (3.2)
Convolution both sides of (3.2) by (-1)¥ Sok, c(x), we have
(1) Sk, o (x) * OF8] * ulx) = (<1 Sy o(x) * Roy, ()
or
ACI1 S ()] % () = (<1 S o(x) * Ray o ().

It follows that

u(x) = (<1 Spp o (x) * Ry (),

by Lemma 2.4. 0

Theorem 3.2. Given the equation

02[(_1)k52k,c(x)*RZk,c(x)]:(_1)k_rS2k—2r,c(x)*R2k—2r,c(x) for 0<r<k
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and
0L Sap ()% Roy ()] = 0L for k< m.
Proof. From Theorem 3.1, X [(—1) Sok.¢(x) * Ry o(x)] = 8. Thus
OO Sag, (6) * Ry, (x)] = 8
or
0¢ 8 OL(-1)" Sap, (x) * Ry, (x)] = &
Convolving both sides by (—l)k_r Sok—2r.¢(X) * Ryj_a, o(x), we obtain
081D T Spcar, o () * Rog_ay o ()] ¥ OLL(=1) S (%) * Ry (¥)]
= (1) 7" St g o(x) % Ryp oy o(x) % 8
or
5% OL(-1) Sap ¢ (x) * Ryg ()] = ()" Sy (%) * Rop sy ()

by Theorem 3.1.

It follows that
OLl(=1) g () * Ro ()] = (-1 Sy () * Ry (%)
for 0 < r < k. For k < m, we have
O I Sag  (0)* Ry (0)] = 02 TFOLL1) Sy () * Rag o (x)] = 078

by Theorem 3.1. O

Theorem 3.3. Given the differential equation

Ogulx) = D C0L8, (33)

r=0

where Olg is the operator related to the diamond operator iterated k-times and is
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defined by
2 27k
2 2 2 2 2 2
<>IC(: L4 a_2+a_2+...+a_2 — aT+aT+...+ 82 ) (34)
c \oxy Ox5 ox,, Oxpy1 OXpio Xpig

p+q=mn, nis odd with p odd and q even or n even with p odd and q odd,

x e R”, C, is a constant, d is the Dirac-delta distribution and 026 = 9d. Then, the

type of solution (3.3) that depends on the relationship between the values of k and m

is as the following cases:

(D) if m <k and m = 0, then (3.3) has the solution
k
u(x) = Co(=1)" S, o (x) * Ryy (%),
which is an elementary solution of the operator O]c‘ in Theorem 3.1, is an ordinary
function for 2k > n and is a tempered distribution for 2k < n;
(2)if 0 < m < k, then the solution of (3.3) is

u(x) = D[ C, 8o, () * Ry o(¥)]

r=1
which is an ordinary function for 2k —2r > n and a tempered distribution for
2k —2r < m;

(3) if m 2 k and suppose k < m < M, then (3.3) has solution

M
u(x) = Z C, 0 ks,
r=k

which is only the singular distribution.

Proof. (1) For m = 0, we have 0¥u(x) = C;5 and by Theorem 3.1, we obtain
u(x) = Co(-1) a1 (x) * Rog o (x). Now (=1)* S c(x) and Ryyo(x) are the
analytic functions for 2k > n and also (-1) Sok.c(x) * Ry o(x) exists and is an
analytic function by (2.9). It follows that (—1)* So.c(x) * Ry o(x) is an ordinary

function for 2k > n. By Lemma 2.2 with a = 2k, (—l)kSZk’C(x) and Ry .(x) are
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tempered distributions with 2k <#n and by (2.10), we obtain that

3
(=1)" Sag, (%) * Ry (%)
exists and is a tempered distribution.

(2) For the case 0 < m < k, we have

OFu(x) = €108 + CLO + - + C, 018
Convolution both sides by (-1)* Sok,c(x) * Ryy o(x), we obtain
OISk, ¢ () * Rog o (0] * u(x) = CrOCL1) S o () * Ry o (¥)]
+ COZ[(=1) Sap o (x) * Ry o (x)]
o+ GOl () S, o (x) * Ry o (0)]:
By Theorems 3.1 and 3.2, we have
u(x) = C1<>c[(—1)k_152k—2,c(x) * Rog_n,c(%)]
+ G021 "2 Sp g0 (¥) * Ry g o(%)]

oot CrOm (D) " St g e (¥) * Rap g o (x)]

m
k_
= Z(—l) "CrSop—2r.c(X) * Rog_ay (%),

r=1
Similarly, as in Case 1, u(x) is an ordinary function for 2k —2r > n and is a

tempered distribution for 2k — 2r < n.

(3) For the case m > k and suppose & < m < M. Then we have
OFu(x) = CLO%6 + Cp 0K 5 + -+ Cy OMs.,
Convolution both sides by (~1)¥ Sok,c(x)* Ryp o(x), we obtain
k k
OFI(-1) Sk, (%) * Rop o (X)] % u(x) = CrON[(-1) Sk, (%) * Rop_ o (x)]
C k+1 1 k
+ Cr1QOc (1) S, o (x) * Ry ()]

4oeee CMOS/I [(—1)k SZk,c(x) * R2k,c(x)]'
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By Theorems 3.1 and 3.2, we finally obtain

M
u(x) = Cid + Cpat08 + -+ Cy O 45 = > 007,
r=k

This finishes the proof of Theorem 3.3. 0

Acknowledgements

The author wishes to express his gratitude to Professor Amnuay Kananthai

because by taking into account his paper [3]. The authors would like to thank the

referee for his suggestions which enhanced the presentation of the paper. The second

author would like to thank the Applied Mathematics Research Group, Faculty of

Science, Khon Kaen University, Thailand, for (partially) financial support.

References

S. Bupasiri and K. Nonlaopon, On the weak solutions of compound equations related
to the ultra-hyperbolic operators, Far East J. Appl. Math. 35(1) (2009), 129-139.

W. F. Donoghue, Distribution and Fourier Transform, Academic Press, New York,
1969.

A. Kananthai, On the solutions of the n-dimensional diamond operator, Appl. Math.
Comput. 88(1) (1997), 27-37.

A. Kananthai, On the product of the ultra-hyperbolic operator related to the elastic
wave, Vychist. Technol. 4(6) (1999), 88-91.

Y. Nozaki, On Riemann-Liouville integral of ultra-hyperbolic type, Kodai Math. Sem.
Rep. 6(2) (1964), 69-87.
G. Sritanratana and A. Kananthai, On the product of the non-linear diamond operators

related to the elastic wave, Appl. Math. Comput. 147 (2004), 79-88.

M. A. Tellez, The distributional Hankel transform of Marcel Riesz’s ultrahyperbolic
kernel, Stud. Appl. Math. 93 (1994), 133-162.

S. E. Trione, On Marcel Riesz’s ultra-hyperbolic kernel, Trabajos de Matematica
116 (1987) (preprint).



